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Abstract. The paper addresses the question of existence of a lo- 
cally self-similar blow-up for the incompressible Euler equations. 
Several exclusion results are proved based on the L p -condition for 
velocity or vorticity and for a range of scaling exponents. In par- 
ticular, in N dimensions if in self-similar variables u G L p and 
u ~ t a/(i+ Q ) i then the blow-up does not occur provided a > N/2 
or —1 < a < N/p. This includes the L 3 case natural for the 
Navier- Stokes equations. For a — N/2 we exclude profiles with an 
asymptotic power bounds of the form \y\~ N ~ 1+s < \u(y)\ < |y| 1_(5 . 
Homogeneous near infinity solutions are eliminated as well except 
when homogeneity is scaling invariant. 



In the theory of weak solutions to the Navier- Stokes equation one 
of the cornerstone results is non-existence of self-similar blow-up for 
velocities in L 3 proved by Necas, Ruzicka, and Sverak, |T7], and further 
extended to the case of L p , p > 3, by Tsai [22]. This was followed by the 
celebrated L 3 '°°-regularity criterion of Escauriaza, Seregin, and Sverak 
[TT] . For its inviscid counterpart, the Euler equation, given by 



the self-similar blow-up has not yet been explored systematically in 
mathematical literature despite abundance of numerical data based on 
(CQ) pointing to such possibility. Brachet et al [3] observe a pancake- 
like formation of vortex structures from Taylor-Green initial condition. 
Simulations of Kerr [H] present strong evidence of a singularity cor- 
responding to scaling u ~ jt-v ^ e same as f° r ^ ne Navier-Stokes. 
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1. Introduction 




u t + u ■ V« + Vp = 
V-m = 0, 
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Boratav and Pelz [2] tests on Kida's high-symmetry flows reveal self- 
similar evolution of a focusing vortex dodecapole, again in the same 
scaling. Similar collapse was further observed in vortex filament mod- 
els of Pelz [19] . Kimura [15], Ng and Bhattacharjee [18], and others. 

To describe the mathematical setup, let us assume that the fluid 
domain is l w , although other choices are possible. Suppose that near 
some point x* G M. N a solution, initially starting from a smooth data, 
organizes into a locally self-similar blowup. In other words, there is a 
Po > and time T > such that 

1 [ x — x* 

u(x, t) 



i 

l+a 



, . 1 ( x - X* 

pOM) = — — r*r? — — r 

(T-t)— \(T-ty 

for all \x — x*\ < po, and t < T near T, and where a > — 1 to insure 
focusing collapse. Observe that the vorticity near singularity scales like 
u = curl-u ~ making it a borderline case for the Beal-Kato-Majda 
criterion [TJ. The Lipschitz constant of the vorticity direction field 
£ = -tj scales like (T— again in no contradiction with Constantin 
and Fefferman's criterion [9j[l0]. In [T2|[T3] Xinyu He shows existence of 
solutions to self-similar equations ((6]) on bounded and exterior domains 
with a = 1. On exterior domains solutions exhibit the power-like 
decay similar to vortex models, \v\ ~ |Vf| ~ \y\~~ 2 under the 

same scaling. Although these solutions belong to different settings, 
interestingly, their decay rate appears critical for our results below. 
One can observe that a = N/2 is the only scaling consistent with the 
energy conservation for globally self-similar solutions if the helicity is 
not zero ([?], see also [20] for 'pseudo self-similar solutions'). A study 
of self-similar blow-up in the settings adopted here was undertaken 
by the first author in a series of works [SI El El II]- The main two 
results obtained are the following. First, if v G L P (M 3 ), p > |, and 
a = oo, then v = 0. Second, if ||Vi> ||oo < oo and the vorticity belongs 
to no <p<Po L p (M. 3 ), for some po, while a > — 1 is arbitrary, then v is 
irrotational, uj = throughout. 

In this paper we develop a new set of criteria that exclude locally 
self-similar collapse in physically relevant scalings. Let us observe that 
if the total energy of u is finite, then by rescaling the energy in the ball 
\x — x*\ < po, we have the bound 

(3) / Hy)\ 2 <L N ~ 2a , forallL>L . 

J\y\< L Po 
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Therefore, the case a > | is automatically excluded, while in the 
range a < y the energy of v may be unbounded. In all our results 
we avoid using the assumption of finiteness of total energy keeping in 
mind, for instance, the 3D vortex filament models where the energy is 
naturally unbounded. We therefore examine the full range of a > — 1 
and integrability conditions v G LP for a possible collapse. If v G L p , 
p > 2, there are two special values of a to consider: a = — for the 
fact that || m ||p is conserved under the self-similar evolution on the open 
space, and a = N/2 as the boundary between local energy inflation and 
deflation regimes (see (j3J). We will see that the cases — 1 < a < ^, 

— < a < tt, and a > ^ are in fact different in character, and we 
exclude solutions under the following conditions: 

(i) v G LP n C\ oc , p > 3, and -1 < a < f or a > f ; 

(ii) v G L 2 PI C/ oc , a = y, and for some 5 > and |?/| large, one has 

( 4 ) p^<K^)l<^l^ 

The local (^-condition is only needed for the local energy equality to 
hold, and is natural since we view T as the first time of regularity loss. 
The local energy equality will be our starting point in most arguments, 
although somewhat unusually for a self-similar problem, we will employ 
the full time-dependent version of it to be able to make a non-self- 
similar choice for a test function. As a result the local energy equality 
takes the form 

( 5 ) 7^/, M 2 ^^/ \v\ 2 dy+ I 'y^S 1 ^- 

L J\y\<L 1 J\y\<l Jl<\y\<L \y\ 

As we remarked above in asymptotic character of terms in (JSJ) depends 
on the range of a considered. Nontheless, (J5J) allows us to control the 
growth of the energy either by the L p -norm of v on the large scales in 
case (i) or through the use of power bounds on v as in (ii). This gives 
an improved bound on the trilinear integral in (jSJ) by interpolation. 
The general strategy will then be to bootstrap between the growth of 
L 2 and L 3 norms of v over large balls \y\ < L via a repeated use of (j3J) 
until eventually the energy over \y\ < L deplays a decay as L — > oo, 
implying v = 0. It is precisely for — < a < v when this algorithm fails 
to bootstrap. However, as a byproduct of the argument, we obtain 

(iii) if v G LP n Cf oc , p > 3, and f < a < f , then © holds. 

So, the energy growth bound (131) is a natural internal feature of the 
blow-up, independent of the total energy assumption. In particular, if 
v G L p , p > 3, and a = y, then automatically v G L 2 . 
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Coming back to the vortex models or He's solutions, notice that in 
those cases v G LP for p > 3 (even if only at infinity) while a — 1. So, 
they appear to be critical for the scope of (i). 

We exhibit several explicit homogeneous examples of solution pairs 
(v,q), see fl9]), (fit)]) . (ITT]) . ( TT2]) . which although lacking sufficient local 
regularity to be fully qualified as counterexamples, serve as indicators 
that our arguments may be sharp. In Theorem 14.21 we demonstrate 
however that locally smooth homogenous at infinity solutions are trivial 
unless the homogeneity is consistent with the scaling, and even then 
the case a = N/2 is excluded. 

A criterion dimensionally equivalent to (i) , but in terms of vorticity, 
is established using the self-similar equations in vorticity form, gener- 
alizing the results obtained by the first author. We have 

(iv) Suppose a > —1, uj G L p , for some < p < and the strain 
tensor \dv + d T v\ = o(l) as \y\ — > oo. Then v is a constant 
vector. 



2. Technical preliminaries 

2.1. Self-similar equations and pressure. If (u,p) is a distribu- 
tional solution to (QQ), then the pair (v,q) satisfies 

1 a 

(6) y ■ Vf + v = v ■ Vv + Vg, 

1 + a 1 + a 

and the pressure necessarily satisfies the Poisson equation 

(7) Aq = — div div(t> (g> v) = —didj(viVj). 

If v G L p , 2 < p < oo (resp., L°°) and q G L p/2 (resp., BMO), then 
there is only one solution to ((7|) given by 

(8) q(y) = -J^P + P.y. / ^(j/ - ^)^(^)^^) ^, 
where the kernel is given by 



KM = 



NyiVj - 


- kj\ 


y\ 


2 


Nu N \y\ 


N+2 



and u N = 2tt n/2 (NT(N/2))- 1 is the volume of the unit ball in R N . The 
pressure given by (|SJ) is referred to as the associated pressure. Unless 
stated otherwise we will always assume that the pressure is associated, 
however not for every pair (v, q) solving t^j, q is given by (jHJ). Indeed, 
let 

a 

(9) v = (l,0), q = -— yi . 

1 + a 
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This is a self-similar solution for any a > — 1. Clearly, (JED does not 
hold (see [IB] for the role of such examples in uniqueness of solutions 
of the Navier-Stokes equation). 

The equation in self-similar coordinates (j6j has its own intrinsic scal- 
ing - if v is a solution to flBJ, then 

v\(y) = Xv(y/X), q x (y) = X 2 q(y/X) 

is also a solution to the same equation. This suggests that in fact there 
may exist a non-trivial example of a 1-homogeneous solution. And 
indeed, in 2D such an example is provided by 

(10) v(y) = (yi, -y 2 ), q(y) = -y\- 
Another example is the following parallel shear flow 

(11) v(y) = (y%,0), q{y) = j^- 2 y a 2 + \ 

(1 + a) 

which in the case a = 1 specifies to the natural homogeneity. A singular 
example of a solution of special interest to us is the a-point vortex 



( 12 ) Ky) = ]jp. g(y) = o. 

The equation for vorticity tensor to = \{diVj—djVi}f^ =l in self-similar 
variables reads 

(13) u) H y ■ Vw = v ■ Vw — uq — qu, 

1 + a 

where q = \{diVj + djVi\f^ =l is the strain tensor. 

2.2. Local energy equality. All our results below hold under the 
presumption that the solution (u,p) is regular enough to satisfy the 
local energy equality, at least in the region of self-similarity: 



\u(t 2 , x)\ 2 (f(t2, x) dx — I \u(ti, x)\ 2 (f(ti, x) dx 

(ID 

\u(t, x)\ 2 (p t {t, x) dx dt + / / (\u\ 2 + 2p)u ■ V(f dx dt, 



where tp e C£°((0, T) x R N ), and < t x < t 2 < T. It holds trivially for 
locally smooth finite energy solutions solutions, u G Cl oc ((0, T) x ~R N ) n 
L^L 2 . The weakest condition under which (|T%|) is known to hold is a 
Besov-type regularity of smoothness 1/3 (see [HI [21] ) . It is not our goal 
however to pursure the sharpest local condition. 

We will only be concerned with the local energy equality on the 
region of self-similarity. So, let us assume for simplicity and without 
loss of generality that x* = 0, p = 1, T = 0, while t > 0. Let us fix 
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a radial test function a, i.e. a(x) = a(\x\), such that a > 0, a(r) = 1, 
for < r < |, and a(r) = 0, for r > 1. Using <p — a, (TH1) takes the 
form 

(15) IKfaMla = IKtiMla + / / {\u\ 2 + 2p)u ■ Vcr(x)dxdt. 

Jti Jm. 3 

In self-similar variables the above translates into the following 

«'lwl<fcj 

N-2a f 1 

1+5 / L,r„,M2, 



/ t i w L / | (\v\ 2 + 2q)v ■V<j(yt T ^)dydt. 

Jti J^T^<\ y \<r^ 

Changing the order of integration in the last integral and changing 
notation in the first two with /j = t\ 1 '^ 1+a ' : we obtain the following 
inequality for all < li < 1%, 

iN-2a I \ v {y)\ 2<j {v ih) dy — N _ 2a I \ v 

(y)\ 2 a(y/h)dy 



h J\y\<h h J\y\<h 

< C / rj^TTZ^ dy. 



(17) 



This inequality will be our starting point in much of what follows. 

2.3. Global energy equality. The global energy equality holds under 
additional L 3 -integrability condition at infinity. 

Theorem 2.1. Let u G C™L 2 X fl L\L\ fl C} oc be a weak solution to the 
Euler equations on M, N . Then u conserves energy on [0, T]. 

Proof. Let ctr(x) = a(x/R). By the local energy equality we have 

IM^aWHa - IK*i)°"iill2 = / 4/ (\u\ 2 + 2p)u-Va(x/R)dxdt. 

Since u G L? txl then p G L?J X and hence (|w| 2 + 2p)u G L\ x . Then, 
clearly, the integral on the right hand side tends to zero as R — > oo. □ 

As an immediate consequence we can eliminate certain self-similar 
solutions under the global energy law. 



Corollary 2.2. Suppose u G CfL x fl L\L X fl C\ oc is a weak solution to 

N 
2 



the Euler equations on M N with a locally self-similar collapse. If a > 



then the collapse does not occur. Otherwise, j3J) holds. 
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As a by-product of our proofs below we show that the conclusions of 
this corollary hold under only L p -integrability assumption on the self- 
similar profile v. In other words, a self-similar solution even if viewed 
independently from the ambient flow still behaves as if it was embedded 
in a global in space finite energy solution. 

3. Exclusions based on velocity 

3.1. The energy conservative scaling a = y. As outlined in the 
introduction, the case of a = y is special since it is the only scaling 
compatible with the energy conservation law if (E]) was defined globally 
in space. What distinguishes it from a pure technical point of view is 
the absence of weights in front of energy integrals in the energy balance 
relation (fT7|) . Our main result for this case is the exclusion of solutions 
with a power spread. 

Theorem 3.1. Let v G L 2 (M. N ) fl C\ oc and the pressure q given by 
Suppose there exists a 5 > and C, c > such that 

c 



< \v(y)\ < C\y\ h 



-5 



\y\ 

for all sufficiently large y. Then v = 0. 

A few comments are in order. Example (flQl) shows relevance of 
the upper bound to the natural scaling of the equations, although of 
course it has infinite energy. The lower bound may seem to be artificial 
especially given Theorem 14.21 below where homogeneous profiles with 
decay |u| ~ are excluded for any > N/2. However as we will see 
from the proof it is essentially a way of dealing with the non-locality 
of the pressure. 

Proof. We start with the basic energy equality (fTTl) . Using that a = y, 
the factors in front of the energies disappear and we obtain 

2 j„. ^ I I. .12 



(19) / \v\ z dy< \v\ z dy + C 1 1 1 dy. 
J\y\<h/2 J\y\<h Jh/2<\y\<i 2 \y\ 

Taking Z x = L = Z 2 /4, we obtain 

(20) / \v\ 2 dy<C [ + 

JL<\y\<2L J\L<\y\<iL M 

The proof will now proceed by showing the following claim: for all 
M E N there exists a Cm > such that 



i i2j / Cm 
\v\ dy < 



L<\y\<2L 



U 
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for all L sufficiently large. This immediately runs into contradiction 
with the lower bound of ([TBI) . The exact value of the power N +1 — 5 
is not important at this point, but it will be crucial in the course of 
proving the claim. 

Using our assumption (ITS1) and the energy bound (1201) we have 

\v\ 2 dy <-j / \v\ 2 dy 

~L<\y\<2L L> J\L<\y\<\L 

1 f Ml, 

+ y / M|g| dy. 

L J\L<\y\<iL 

Now our goal is to find suitable bounds on the pressure and the last 
integral in (J2TJ- Notice that 

(22) f K lJ (6)da(6)=0, 

for all Let us split the pressure as follows 

q = Qo + qi + Q2 + <?3, 
where q is the local part of (jSJ), and 



qi(y) = / Kij(y - z)v i (z)v j (z)dz, 

<\z\<L/4 



q 2 (y) = Kij(y - z)v i (z)v j (z)dz } 

J L/i<\z\<8L 



qz{y) = \ Kij(v - z)vi(z)vj(z) dz. 

J\z\>8L 

Clearly, only estimates on the non-local quantities g$ are necessary. 
Since \y — z\ ~ L for all \z\ < L/4 and \L < \y\ < 4L, we have 

\qi(y)\<^ [ H 2 ^<tP- 

L J\z\<L/4 L 

Thus, in view of (fT8j) . 

Tl \v\\qi\dy < I \v\ 2 \v\~ l dy 

hL<\y\<4L L Jh 



2 — 2 



L<\y\<4L 



L<\y\<AL 



L 5 i 
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As to q2, we have 

^ 'v\\q 2 \dy<\\ [ \v\ 2 dy) ( / \q 2 \ 2 dy 

1/2 



1/2 



1 



< t / \v\ 2 dy\ / M 4 dj/ 



L/4<|j/|<8L 



1/2 



1/2 



<fj / \v?dy\ \v?dy 

\J\L<\y\<AL J \J L/4<\y\<8L 

JL/4<\y\<8L 

And as to qs, we trivially have | ^3 (2/) I ^ pdMli- Thus, 
7/ MQ3\dy<jjfTi \v\dy<^- \v\ 2 dy 



L<\y\<4L 



h£f \v?dy. 



k= 



1 J2 k L<\y\<2 k + 1 L 



Putting together the obtained estimates into fl21|) we conclude that 
there exists a constant C > such that for all L large enough 



(23) / \v\ 2 dy<^J2 [ M 2 */. 

JL<\y\<2L L k= _ 2 J2 k L<\y\<2 k + 1 L 



Let us now the iterate estimate above m times applying it to each 
integral in the sum, 



r 1(,! > " c 77^ E / , __, , „ M 2 *y 



< 



L<\y\<2L k km= _ 2 J2 k l + --+ k ™L<\y\<2 k i + '-+ k ™+ 1 L 

Cm. 



L mS- 

Since m can be arbitrary, the claim is proved. □ 

3.2. The energy non-conservative scaling a ^ |. As we men- 
tioned earlier some cases of non-conservative scaling appear physically 
relevant. Additionally, in the range — 1 < a < y, a possibly infinite 
energy of the self-similar profile v is not in contradiction with the finite- 
ness of the global energy as along as ([3]) holds. Our main result in the 
energy non-conservative scaling is the following. 
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Theorem 3.2. Suppose v G LP fl C\ oc for some 3 < p < oo, and q is 
given by (jSj). If — 1 < a < ^ or y < a < oo, then v = 0. 

The scaling a = N/p is notable for the fact that the L p -norm of the 
solution is conserved. If a < N/p it deflates as t — > 0, and if a > N/p 
it inflates. The sharpness of this scaling is suggested by the a-point 
vortex (1121) . Even though it fails to satisfy the required regularity near 
the origin, it does belong to LP near infinity precisely when 2/p < a. 
He's solutions in exterior domains with asymptotic decay \v (y)\ ~ 

hence in L? weak , are suggestive of criticality of a = N/p as well. 

In the following we consider only the case when p < oo leaving the 
technicalities of the case p = oo to Section 13.2.41 

3.2.1. Proof in the range — 1 < a < ^. In this range we can eliminate 
the /2-integral from f fTT|) . Our claim is 

\v{y)\ 2 a{y/l 2 ) dy -> 0, 



1 



]N-2a 

L 2 J\y\<h 

as I2 — > 00. Indeed, for a fixed large M > and > M", we have by 
the Holder inequality, 

■7WZ2*- [ Hy)\ 2 o-{y/l 2 )dy < [ \v(y)\ 2 dy 

h J\y\<h h J\y\<M 



+ l?- 2N/p ([ \v\*dy) 

\JM<\y\<l 2 J 



<M<\y\<h 

Letting l 2 —> 0, the first integral disappears, and we have 

<([ \v\*dy) P ^0, 

\JM<\y\ J 

as M — > 00. So, (JTTJ) takes the form (using that a = 1 on \y\ < 1/2, 
and replacing li/2 with L) 

(24) p^/ H'*<C/' i^g 1 ^. 

L J\V\<L JL<\y\ \y\ 

By the Holder inequality we obtain 
7^ / \v\ 2 dy<CI?^-™lp(f (M 8 + l« p ^vY /P , 

^ J\V\<L \JLK\y\ J 

and hence, 

f 37V 

(25) / |w| 2 dy < where (3 P = N — 1 . 

J\y\<L P 
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If (3 P < 0, then the proof is finished by sending L — > oo. Otherwise, by 
interpolation, we have 

p — 3 



(26) 



/ 

J\V\<L 



l dy < CL /3pap , where 



a, 



P 



Coming back repeatedly to the inequality (J38l) we will be able to boot- 
strap on the growth of energy based now on a better estimate for the 
L 3 -norms (|2"6"|) . But first we have to establish the corresponding esti- 
mates on the growth of the pressure. 



Lemma 3.3. Let 

(27) 

and 
(28) 



\v\ 2 dy < CL° 



\y\<L 



\v\ 3 dy < CL° 



\y\<L 



hold for all large L, and a2 < N, 



3a 2 -N 



< a 3 . Then 



(29) 



I \q\ 3/2 dy < CL a \ 

J\y\<L 



In order not to verify the assumptions on the exponents every time, 
we simply note that they are verified for any couple a 2 , a 3 with 

, , 2N 

(30) a 2 < N , a 3 = a2« p . 

p 

Clearly, a 2 = (3 P , a 3 = (3 p a p is such a couple. 

Proof Let, as before, q = q + q, where q is the local and q is the 
non-local part of the pressure. We can split 

3/2 



Vi 



\ 3/2 dy < 



\v\<l 



\y\<L 



\z\<2L 



Kij(y - z)Vi(z)vj(z)dz 



dy+ 



\v\<l 



\z\>2L 



Kij(y - z)vi(z)vj(z)dz 



3/2 



dy = A + B. 



By the standard boundedness 
A < C 



\v\ 3 dz < CL a \ 

\z\<2L 

as required. As to B, we use a dyadic decomposition, 



B < 



\y\<L 



E 



1 



' J2 k L<\z\<2 k + 1 L \V — z 



N 



\v(z)\ 2 dz I 



\ 3/2 



dy. 
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Given that \y — z\ ~ \z\, we continue 

too \ 3 / 2 

^ 2 N «L N J 2 k L <\ z \< 2 k+l L J 



< 



"^H <CL^<CL«, 
\fe=i / 

the latter holds due to imposed assumptions. □ 
Now using the obtained estimates (1261) and fl29l) in (1381) we obtain 



1 r 2 c 1 / 

^ /, ' t '' y ~ L N+1 - 2a ^ 2 k ( N+1 - 2a ) L, 

Wi — ^ ' k=0 1 

00 

<• £/3 p a p -N-l+2a 2 fe (ft> a P 



fc=0 

00 

W-l+2a) 



(|t>| 3 + 

2 fc L<|?/|<2 fc + 1 L 



fc=0 



Notice that in the range a < iV/p the power in the series is negative. 
Hence, 



/ \v\ 2 dy < CL^' 1 and f \v\ 3 dy < CL^ C 

J\v\<L J\v\<L 



(31) 

'\y\<L J\y\<L 

Once again, the new exponents satisfy (1301) . hence 



(32) 

Substituting this into ( 1381) we obtain 



./|y|<L 



(33) / \v\ 2 dy < Clf*<4- a p- 1 , 

and so on. Noting that on each step the assumptions on the exponents 
are satisfied (even improved), we arrive at 

(34) / \v\ 2 dy < Clf pc %-<' 1 —- 1 . 
J\v\<l 

For n sufficiently large the power will become negative implying that 
v = 0. 

3.2.2. Proof in the range a > N/2. Starting from the same energy 
equality (1171) we obtain 

2 dy<-^- / \v\ 2 dy+ / - dy. 



iN-2a I I I y ~ iN-2a I i i ^ ■ i i 

L 2 J\y\<h/2 h J\y\<h Jh/2<\y\<l 2 W 
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Let us fix lx = 2 and 1% = 2L » 2. Then 

(35) / Itf^i^ + iW S^U, 
and by the Holder, 

/ r i \ (P~3)/p 

Since iV — 2a < 0, the only case we have to consider is when (N + 1 — 
2a)p/ (p — 3) < iV. In this case the estimate above gives 

/ \v\ 2 dy<L N - 2a + L^. 
J\y\<L 

If (3 P < the proof is finished. Otherwise, we obtain 

(36) f \v\ 2 dy < L^ p , and I \v\ 3 dy < L^ ap . 

J\V\<L J\y\<L 

We are in a position to intitiate the bootstrap argument as before, but 
with some modifications. Pluging ( 136]) in ( )35|) we find 



M 2 */^- 2 ^ | V 2 fc ^ +1 ~ 2Q ) / (M 3 + |g|M) 

.j\<L L JL/2 k + 1 <\y\<L/2 k 



[log 2 L] 

< ^N~2a _|_ ^f3 p a p -l 2 fc ( Af+1 - 2a -' 3 P a p) 
fc=-l 

If the power iV + 1 — 2a — /3 p a p > 0, we obtain 
In this case the proof is over. Otherwise, we obtain 

< £N—2a _|_ jji v ot v -\ 

If /3 p a p — 1 < 0, the proof is over. Otherwise, 

/ M 2 cfy < Z/^" 1 , and / M 3 dy < lf*<4-°*. 
J\y\<L J\y\<L 

The iteration will certainly terminate at a step when the power 

P p a n p -a;~ l -...-l 
becomes negative, or earlier. 
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3.2.3. Implications of the proof to the range N/p < a < N/2. The 
proof above yields the following corollary. 

Corollary 3.4. Suppose — < a < y. Then one has 

(37) / \v\ 2 dy<L N ~ 2a . 

J\v\<l 

There is only one place of the argument which needs extra attention. 
That is if at some point we run into the logarithmic bound 

/ \v\ 2 dy<L N ~^\og 2 L. 
J\y\<L 

Then for any e>0we have 

/ \v\ 2 dy<L N ~ 2a+e , and / \v\ 3 dy < L^ N ~ 2a+£ ^ . 
J\y\<L J\y\<L 

The conditions ( 130]) are still satisfied for small e, so the pressure has 
the analogous growth bound. Returning to (135]) and performing dyadic 
splitting of the integral as before we obtain 

r [!°g2 L \ 

J\y\<L ~ k=0 

The power in the sum is strictly positive. So, we obtain (13T]) . 

3.2.4. Theorem \3.S\ in the case p = oo. Only a few minor modifications 
are needed to extend the above argument to the case v G L°°, q e 
BMO. In the case a < we start from (fl6j) and subtract from q the 
averages over dyadically divided time intervals. This, after changing 
the order as in (fiT]) results in the following inequality (in place of 

(38) 



/ \v\ 2 d <CV / 1^1+ d 

J\y\<L V ~ t[J2*L<\y\<2^L \y\ N ^~ 2a V 



]^N-2a 

where q k = Vol{2 k L <l zl < 2 k+i L) J 2 k Lm < 2 h+i L q{z)dz. Using that 

\q(y)-qk\dy<(2 k L) N \\q\\ BMO 

2 k L<\y\<2 k + 1 L 

we immediately obtain (125]) with (3^ = N — 1 as expected. Note 
that again the constants (3^ and = 1 satisfy the requirements of 
Lemma [3.31 From this point on the argument proceeds as before. 
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In the case a > a similar argument replaces ( 1351) with 

[log 2 L] 

a i / ; i -i- i n — / / / . i i / ; i 

dy, 



\<L/2* 



\v\ 


3 


+ 


q-qk\ 


\v\ 




2/1 


AT+l-2o 



[ \v\ 2 dy<L N - 2a +L N - 2a V / 

J\y\<L fc= _ x JL/&+i<\y 

where g fc = Vof(L/2fc+ i<| z |< L/2fc) / i/2 *+i< w < V2 * The rest of the 

argument goes as before. 

4. Exclusions based on vorticity 

The condition in terms of vorticity that excludes a non-trivial blow- 
up stated and proved in [6] involves a requirement on decay at infinity 
in the sense that all L p -norms for < p < po are finite. In this section 
we will eliminate solutions under a much weaker condition. 

Theorem 4.1. Suppose v G Cj- oc {R N ) is a solution with a > — 1 satis- 
fying the following conditions. 

W k(y)l = °(!) as \y\ -> °°> 

(ii) to G L p , /or some < p < 
Then, v is a constant vector field. 



We note that He's examples [13] , although in different settings, with 
M ~ m 3D and a = 1 correspond to w G L p for all p > = |. 
It points to the sharpness of our condition (ii). Furthermore, the value 
of p = appears naturally critical for the fact that the vorticity 
of the self-similar solution preserves this particular L p -norm. Let us 
recall that for a similar reason the exponent p* = — is critical for 
velocity in Theorem l3.2l (i). The two are conjugate through the Sobolev 
embedding. Indeed, if v — > at infinity, — l<a<iV — 1, then to G L p 
implies v G L p . This brings us back in agreement with the range of 
Theorem 13.21 (i), although the end-point case cannot be excluded here. 

Proof. From (i) by the Fundamental Theorem of Calculus, the radial 
component of velocity is 

(39) \v r (y)\ = o(\y\), as \y\ -»■ oo. 

Indeed, we have 

v(y) = v{0)+ [ Vv{ty)-ydt. 
Jo 

Then 

My) = v (y) ■ rr = ' rr + A / y ■ y dt i 
\y\ \y\ \y\ Jo 
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and the claim follows. Observe 

poo P 

oo > ||o>||p = / / \w\ p dS r dr. 

JO J\y\=r 

Hence, there exists a sequence Rj t oo such that 

Rj / \w\ p dS Rj —7-0 as j — > oo. 

J\y\=R 3 

We multiply (|T3|) by w|w| p ~ 2 and write it in the form 

(40) ' ' P(«+1) U p(a + l)' 1 

= -div (u|<x;| p ) — <f|cu| p , 
P 

where q = (uiq ■ u + qui ■ oj)\oj\~ 2 . Let us fix an R > 0, integrate (flOl) 
over the annulus {i? < |y| < Rj}, and apply the divergence theorem to 
have 

f — r—^— jT - l) / M'dy + — ^— f \cu\VdS R 

\p{a + 1) J J R<ly \ <Rl p{a + 1) J lyl=R 

\uj\ p dS Rj 



p(a + 1) J lyl=Rj 

= / <i\u)\ p dy + - / ?; r |u;| p d5fl / v r \u\ p dS R] . 

jR<\y\<Ri V J\y\=R V J\y\=R, 

Then, passing j — > oo, one obtains 

- l) [ \co\ p dy + [ \u\ p dS R 

p(a+l) J J\y\ >R p(a + l)J\ y \ =R 



j q\u\ p dy + - / v r \u\ p dS R 

J\v\>R P J\v\=R 



l\y\>R V J\y\=R 

and by choosing R sufficiently large, and using (i) and we can 

ensure 

2 \p(a + 1) / J M>i? 2p(a + 1) J ]yl=R 

Consequently, 



/ \u\*dy= [ \co\ p dS R = 0, 

J\v\>R J\v\=R 



\>R J\y\=R 
and hence, u = on {y G M 3 \ \y\ > R}. Now we apply the result of 
[6] to conclude u = on Mr. Then there exists a harmonic function 
h such that t> = Vh. By (i), the Hessian matrix VV/i is bounded 
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and vanishes at infinity. Since each entry is harmonic, by the Liouville 
Theorem, VV/i = 0, and therefore h is a quadratic polynomial. But, 
then from the condition \Vh\ = o(\y\), Vh is constant. 

□ 

4.1. Homogeneous near infinity solutions. Given the plethora of 
2D homogeneous examples in Section 12.11 it is natural to ask whether 
one can find a locally smooth self-similar profile homogenous near in- 
finity. We say that a field v G C^ oc (R ) is homogeneous near infinity 
if 

(41) v(y) 



V(y\y 


■n 




y\ 


3 



I 

J L< 



\V\ 



holds for all y large enough and for some V G C 1 (E> N 1 ; M. N ). 

Theorem 4.2. Suppose v is a homogeneous near infinity solution and 
any of these conditions are satisfied 

(i) < (3 < a, 

(ii) -I < a < (3, 

(iii) a = P = %. 

Then v = 0, except in the case (3 = which implies that v is constant. 

Proof. In the case (i), since ft > 0, v G LP for all p > pq. If, in addition 
a > N/2, then an application of Theorem 13.21 concludes the proof. 
Otherwise, by Corollary 13.41 f )37|) holds. On the other hand, 

\*dy~L N - 2 f > I \V(6)\ 2 dS(6) 

1 L<\y\<2L Jsn- 1 

which necessitates > a, unless V = 0. If V = 0, however, then The- 
orem 14.11 or the result of [6 J applies to find v = Vh for some harmonic 
function h. Since h = const near infinity, h is constant throughout by 
the Liouville Theorem, which implies v = 0. 

In the case (ii) we have |Vu| ~ \ y \l+^ ■ Since — 1 < a < (3, there exists 
a p > with < p < For this p, co G L p , and Theorem 14.11 

applies. Note that only in the case (3 = the constant velocity may be 
different from zero. 

In the case (iii) Corollary 13. 4l implies v G L 2 . However for any M > 0, 

/ \v\ 2 dy = \ogM[ \V{9)\ 2 dS{6). 

JL<\y\<ML J§N-l 

This implies V = and the argument proceeds as before. 

□ 
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Let us note that the main obstacle for extending Theorem 14.21 to 
the remaining case — 1 < /3 < and (3 < a is not inapplicability of 
Corollary 13. 4[ but rather the lack of the corresponding bound 

(42) \q(y)\<\y\^ 

for large y. Example ([9]) demonstrates that (j4"2"l) may in fact fail for 
some solutions. But if bound (l4"2l) is postulated then from the energy 
equality we obtain 

v\ 2 dy<-^—f \v\ 2 dy+ [ ^I.Jlll^ dy. 



T N-2a / l l {/ — in -2a . 

L J\y\<L/2 L J\y\<l Jl/2<\y\ 

By a direct computation, with I fixed, and L large, 
^IMI V-) < / \v\*dy<L»-*> 

J\y\<L/2 

N-2a 

lcl<\y\<L \V 

li N + 1 — 2a + 3(3 > N , then the above implies 



L«-V\\V\\l> (/lir -i ) <L«-**]DgL i 



and hence V = 0. Otherwise, 



rAr-2/3||T/||2 <- r N-2a , r JV-l-3j8 

^ II K Hl^s^- 1 ) ~ ^ + ^ > 



again, since /3 > — 1, implying V = 0. 
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